129: 


ON THE PORISM OF THE IN-AND-CIRCUMSCRIBED TRIANGLE, 
AND ON AN IRRATIONAL TRANSFORMATION OF TWO TER- 
NARY QUADRATIC FORMS EACH INTO ITSELF. 


[From the Philosophical Magazine, vol. 1x. (1855), pp. 513—517.] 


THERE is an irrational transformation of two ternary quadratic forms each into 
itself, based upon the solution of the following geometrical problem, 


Given that the line 
la + my +nz=0 


meets the conic 
(a, 0, -¢, fi g, hia, y, 2% =0 
in the point (a, Yı, 2); to find the other point of intersection. 


The solution is exceedingly simple. Take (a, Yə, 2) for the coordinates of the 
other point of intersection, we must have identically with respect to æ, y, z, 


(a, ...§a, y, 2}. (A, ...U1 m, nP—k (la + my + nz? 
=(d,... qn, Yis 2,0, Y, z). (a, e.s Ua, Yo; 2,02, Y, 2) 
to a constant factor près. 
Assume successively x, y, z= 4, 1, G; QB, B, F; GB, F, C; it follows that 
x : Ya : Za = NA {A (A, os vid wl, M, ny} ig (Al + Hm + Gin} 


: Ze, (B (A,... UL, m, n} — (JB + Bm + Fr» 


: mh (C (A, ... XL, m, n} — (Gl + ffm + On) ; 
G Th. 19 
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or, what is the same thing, 
La 2 Ya : 2o= Ye, (bn? +cm?— 2fmn) 
: aa (cP? + an?— 2gnl) 
: LY, (am? + bn? — 2hlm). 


It is not necessary for the present purpose, but it may be as well to give the 
corresponding solution of the problem : 


Given that one of the tangents through the point (E, 9, £) to the conic 
(a, b, ¢, f, g, hax, y, zP=0 


is the line hæ + my +mz=0; to find the equation to the other tangent. 
Let læ + my +nz=0 be the other tangent, then 


(a, ... XE, m EF. (a... Ga, y, 2P—{(@.-- RE n, Se, y, 2)}? 


‘ = (Læ + my + mz) (læ + my + nz) 


to a constant factor près. Assume successively y=0, z=0; z=0, x=0; x=0, y=0; 
then we have 
ls i Mm : m= mm fa (4,-.. VE n, SP — (aE + hy + gey} 
: m h {b(a,... KE, m, SP — (hE + bn +SS} 
: ham {c(a, ... XE, m, EF —GE+fn+ ob); 
or, as they may be more simply written, 
l, : Mm : n= mmn (WBE + On? + 24F nf) 
: m h (CE + Al — 200E) 
: L m (Ay? + BE — AEn). 
Returning now to the solution of the first problem, I shall for the sake of 
simplicity consider the formule obtained by taking for the equation of the conic, 
ax? + By? + ye = 0. 
We see, therefore, that if this conic be intersected by the line le+my+nz=0 in 
the points (æ, Yı, %) and (a, Yz, 2), then 
Lz | Yo? = Ye (YM + an’) 
: zw (an? + Bl’) 
: ayy (BP + am’). 
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We have, in fact, identically 
ly,z, (Bn? + ym?) + m2,2, (yl? + an?) + nay, (am? + BL) 
=(amna, + nly, + ylmz,) (la, + my, + nz,) — lmn (ax? + By? + yz’), 
ayz? (Br? + ym?! + Baa? (yl? + an) + yey? (am? + BEY 
= aBy { — Ba? — my? — nz! 
+ (my, + nz,) Pa? + (nz, + lay) my? + (la, + my) ny? — Wmnx,y,2,} (la, + my, + nz) 

— (UBya? + miyay,? + n'aBz,*) (ax? + By? +2") ; 
which show that if la,+my,+nz,=0 and am? + Py? +,2°=0, then also la, + my, +nz,=0 
and ax? + By.2+yz2=0: this is, of course, as it should be. 

I shall now consider J, m, n as given functions ot m, y, 2 satisfying identically the 
equations 
la, +my, +nz, =0, 
be + mica + n2ab = 0, 
equations which express that lc+my+nz=0 is the tangent from the point (m, Yy, 2) 
to the conic ag? + by?+cz2=0. And I shall take for a, 8, y the following values, viz. 
a=ax? + by? + cz2—a (a? + y+ 2), 
B =ax? + by? +02? —b (a2 +y? + 2°), 
y = an,’ + by? + cz? — e (0 +y? +2); 
so that xı, Yı, 4 continuing absolutely indeterminate, we have identically ax? + By? + yz =0. 


Also taking © as a function of a, Yı, 23, the value of which will be subsequently 
given, I write 


Ly = Oyz, (Bn? + ym’), 
Yo = Ozna (y + an’), 
2, = Oxy, (am? + BP); 


so that 2, Yı, % are arbitrary, and @,, Y» Z, are taken to be determinate functions 
of %, Y, % The point (a, Yə, 2) is geometrically connected with the point (a, Yy, 2) 
as follows, viz. (£a, Y Za) is the point in which the tangent through (a, y,, 2) to 
the conic aa*+by?+cz?=0 meets the conic passing through the point (%, %, 21) and 
the points of intersection of the conics az*+by’+cz27=0 and a+y7°+2°=0. Con- 
sequently, in the particular case in which (a, y,, 2%) is a point on the conic 
“@+y+2=0, the point (a, Yə 2) is the point in which this conic is met by the 
tangent through (æ, Yı, 2) to the conic az? + by?+cz*=0. 


It has already been seen that laz,+my,+nz,=0 and am? + By? +yz°=0 identically ; 


consequently we have identically la,+my,+nz,=0 and a#?+By2+y2z2=0. The latter 
equation, written under the form 


(ax? + by? + 02°) (a? + yè + 2:2) — (a? + yè + 2°) (ax? + by? + c2?) = 0, 
19—2 
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shows that if a, Ys» z are such that æ? +y? +2 =m +y? +2, then that also 
azè + by? + cz,2 = aa, + by? + cz. I proceed to determine @ so that we may have 
æ +y? tz =w +y +a. We obtain immediately 
S (2è + ys? +z?) = (la? + mty? + nz?) (Wa? + By + ya) 
— (alta, + B?mty,s + ynta — Bym ny2 — yanl’? — 2aBl*m*a,2y,?) ; 
write for a moment 
an? + by? +cz*=p, m +y +a =g, so that a=p—aq, B=p—by, y=p—cg, 
then 
ata, + By,’ +z = gp — 2p . pq + (8s? + by? + ez?) g, =q (ax + by? + ez?) g p), 
=q {(b — cP yz? + (0 — a)? 22a? + (a — bY æy), 
alta, + Emy + ontz,4 — Bym ny z? — 2yan tza? — 2aBl*m*a,ty? 
= pP {lxt + myt + ntt — mweny — mPa — may, 
— 2pq {alta,* + bmtyt + ontz, — (b + c) mrytz? — (¢ + a) alza? — (a + b) Pmia,2y,?} 
+ ¢ {elmi + b*mty, + enz — 2bemny?z? — 2can*l*z,°a,7 — Zabl-mia,y,"}, 
the first line of which vanishes in virtue of the equation læ, +my,+nz,=0; we have 
therefore 
a (ag? + Ys? + zè) + (x? + yè + 2°) 
= (a? + m'y? + ntz?) {(b — c) yz? + (¢ — a) zta? + (a — bY mty) 
+ 2 (am? + by? + c2?) {alta,* + bmty t + on'z,4—(b + c) m'n®y,22,°— (¢ + a) ntza? — (a +b) Pm2a,y,?} 
— (m + y? +a) (wln + b*mty, + enat — 2bom*n*y,*2,* — 2can*Pz,2x,7 — Zabl’mia,2y;}. 
Hence reducing the function on the right-hand side, and putting 
(a + ys? + 2°) + (w +y? + 2%) =1, 
we have 
s = a'lim! + b’mty,’ + entz’ \ 
+ (Pmt — bmn?) ytz? + (ant — 2t) 2,02 + (BI — 2am?) mty? 
+ (bnt — 2c*min?) 72; + (CU — 2al) 20t + (am — 2m?) myt 
+ {Ù (b — cf + mt (c— a) + nt (a — by 
+ 2m?n? (be — ca — ab) + rèl ( — be + ca — ab) + 22m? ( — be — ca + ab)} x,y,22,°. 
The value of © might probably be expressed in a more simple form by means 


of the equations lz,+my,+nz,=0 and be+mca+n’ab=0, even without solving 
these equations; but this I shall not at present inquire into. 
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Recapitulating, l, m, n are considered as functions of 2, yı, 2, determined (to a 
common factor prés) by the equations 
le, +my, +nz, =0, 
be + mèca + nab = 0; 
® is determined as above, and then writing 
a= am? + by? + cz? — a (a2 + y? + 2°), 
B =aa,’ + by? + cz? — b (a? + y? + z), 
y = am? + by? + c2? — e (a? + Yè + 2’), 


we have 
I, = Oy,2, (Bn? + ym’), 


Yo = Ozna (y? + an’), 
2, = Ory, (am? + BP); 
and these values give | 
lat, +MY, + Nz = 0, 
a +Y +a =a? +y? +2’, 
ax? + by? + cz? = am? + by? + cz,’ 


In connexion with the subject I may add the following transformation, viz. if 


3 Va x’ = 8B (y — 2) + V(8a — 28) (a? + 4° + 2) + 2B (yz + zu + ay), 


then reciprocally 


IVB æ =—N3a (y — 2’) + V(BB — 2a) (a? + y” +2) + 2a (y2 + 27a +y). 


a+ oP + 2 =g" y+ 2, 
B (+Y +e —ys— za — ay) = a (a? + 92+ 22 y — Za! — ay’), 
Suppose 1+p+p?=0, then 


P+ y+ 2° — ys — ze — ay =(a@+ py + pz) (+p + pz) ; 
and in fact 
BVa («' + py’ + p2’) = — V3B (1 + 2p) (a+ py + p°2), 


BVa (a! + py’ + p2) = v38 (1 + 2p) (a + py + pz). 


The preceding investigations have been in my possession for about eighteen months. 


2 Stone Buildings, April 18, 1855. 
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